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A one-dimensional numerical model for the momentum 
exchange in regenerative pumps 
Dr. Francis J Quail¹, Dr. Matthew Stickland2 and Armin Baumgartner2 
Abstract. The regenerative pump is a rotor-dynamic turbomachine capable of developing high heads at low flowrates 
and low specific speeds. In spite of their low efficiency, usually less than 50 %, they have found a wide range of 
applications as compact single-stage pumps with other beneficial features. The potential of a modified regenerative 
pump design is presented for consideration of the performance improvements.  
In this paper the fluid dynamic behaviour of the novel design was predicted using a one-dimensional model developed 
by the authors. Unlike most one-dimensional models previously published for regenerative pumps, the momentum 
exchange is computed numerically. Previous one-dimensional models relied on experimental data and correction 
factors; the model presented in this paper demonstrates accurate prediction of the pump performance characteristics 
without the need for correction with experimental data. The validity of this approach is highlighted by the comparison 
of computed and measured results for two different regenerative pump standards.  
The pump performance is assessed numerically without the need of correction factors or other experimental data. This paper presents 
an approach for regenerative pumps using a physically valid geometry model and by resolving the circulatory velocity in peripheral 
direction. 
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Nomenclature 
A Area [m²] 
a, b, c, d, f ,g, R Pump dimensions [m] 
β  Vane inlet angle [rad] 
D  Diameter [m] 
P  Power [kW] 
Q  Volume flow rate [m³/s] 
ρ Density [kg/ m3] 
r Radius [m] 
H Head [m] 
p Pressure [kN/m2] 
N Rotational speed [rev/min] 
g Gravitation acceleration  [m/sec2] 
η  Efficiency  
ω Angular velocity [rad/s] 
α  Incidence factor   
θ Angle measured from inlet [°] 
σ  Slip Factor  
z Coordinate in axial direction  
Z Number of impeller blades  
  Flow Coefficient  
ψ  Head Coefficient  
  Effectiveness of circulatory flow  
  Linear region factor  
NPSH Net Positive Suction Head  [m] 
Subscripts 
c circulatory o open channel 
sp suction port v vane 
dp discharge port g centroid 
t tangential l loss 
s Solid body 0 Impeller hub 
i inlet 2 Impeller tip 
e exit 3 Channel border 
P Pumping region  
st Stripper  
 
-2- 
Introduction 
Regenerative pumps are rotor-dynamic machines [1], capable of developing high heads at low flowrates with a single 
impeller [2]. They have a low specific speed and share characteristics with positive displacement pumps and 
centrifugal pumps. Other benefits with this type of pump include their compact design [3] and the ability to operate at 
low NPSH. Regenerative pumps, like centrifugal pumps, are kinetic pumps. The head rise is achieved through an 
exchange in momentum between the impeller and the fluid. Regenerative pumps are the most neglected 
turbomachines in terms of research, Meakhail [4], and few publications exist in comparison to other kinetic devices.  
In spite of their poor efficiency, usually less than 50% [3, 4], regenerative pumps can offer a more efficient alternative 
to other (centrifugal) pumps in many applications [5]. Small centrifugal pumps are notoriously inefficient, due, 
principally, to the low velocity imparted to the fluids pumped. They have a low ratio between contained volume and 
their interior surface resulting in a relatively high level of friction between the moving fluid and the impeller and pump 
chamber walls. This has a significant effect on the head rise developed in the pump as the fluid passes only once 
though the device. In contrast the regenerative pump impeller contacts the fluid many times in a single stage 
arrangement and consequently produces higher heads than any other pump type with the similar tip speed.  
Existing numerical models are limited in representing the complex flow-field within the pump and require significant 
experimental correction [6]. This paper considers the performance of the pump design by comparing a new 1D model 
with new experimental test results. A comparison is also made with test results of a typical regenerative pump design 
published by Quail et al. [7] 
 
                              Figure 1:  The regenerative pump 
 
A regenerative pump consists of a casing with an annular channel and an impeller (fig. 1). The impeller is a disc with 
several, usually 20 to 50, radial vanes at the end of the disc periphery. These vanes rotate in the annular channel. The 
fluid enters the channel through the suction port.  It repeatedly circulates through the impeller vanes under a 
centrifugal force field. The flow path approximates a toroidal helix, similar to the shape of a corkscrew [3]. The effect 
of repeated circulation is seen as internal multi-staging [2], for each passage through the vanes may be regarded as a 
conventional stage [4]. This is primarily where the pump name is derived. The fluid exits through the discharge port. 
The discharge port is located immediately before a stripper, a short section where the width of the annular channel is 
reduced to a close clearance, preventing the fluid from flowing from discharge to suction port and creating a hydraulic 
seal.  Regenerative pumps shows advantages over other pumps in the fields of Bio-medical pumping, water treatment, 
boiler feed, brine circulation, coolant pumping, condensate return, aero/auto fuel pumps, sump service (clear water), 
car washers, refrigeration, refineries and marine (potable water) applications. The pump is also used for petroleum 
pumping, viscous fluids, hot/volatile liquids and chemicals and caustic fluids. 
Literature review   
There are two main theories of for the principle of operation of regenerative pumps. The turbulence and mixing theory 
and the circulation or liquid filament theory. The turbulence and mixing theory holds shearing actions responsible for 
the head rise. The circulation or liquid filament theory states that momentum, created by the movement of the 
impeller, is carried into the open channel by the circulation. Here the fluid decelerates transforming momentum into 
head. Although neglecting drag and shear stress effects this theory is widely accepted now. Senoo [8] showed that 
both, turbulence and mixing theory and the circulation or liquid filament theory are compatible and are not able to 
describe all effects alone. However, best results for performance predictions are obtained with the circulation or liquid 
filament theory. 
In the late 1930s and early 1940s Engels [9] examined a regenerative pump with semicircular blades theoretically. 
Like Ritter [10] and Schmiedchen [11] he believed the helical flow was responsible for the head rise. Engels conducted 
research on the limits of efficiency and the losses. He also developed an early one-dimensional model and tried to 
predict the pump‟s characteristics. Completing his research he built a pump with geometry, improved according to his 
theory and conducted experimental tests. Engels equations expressing the performance rely on experimentally defined 
coefficients. This limits the ability of Engels model to be used on other pump geometries.  
On the basis of the momentum exchange theory, Lazo et al. [12] and Lutz [13] conducted flow visualisation 
experiments using small probes at different locations in the flow passage of the pump. They measured the direction of 
the flow and were able to plot a helix-shaped streamline. Bartels [14] discovered helical scratch marks caused by sand 
inside the pump‟s casing. Reproducing the scratches, Bartels was able to measure the helix angle.  
Wilson et al. [15] developed a one-dimensional model that is most widely used today. They formulated the equation 
for the momentum exchange and identified losses occurring in the pump. The losses were investigated experimentally 
which limits its use as a design tool. The simplifications used in this model have a significant effect on the performance 
prediction. The acceleration region following the suction port is ignored and the geometry related to the flow is 
reduced to simple empirical relations. 
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Song et. al. [1] developed a one-dimensional model with a fundamental change. Previous publishers neglected the 
change of circulatory velocity along the channel and corrected this by introducing a linear region factor. In order to 
correct the circulatory velocity with respect to an acceleration and deceleration region a linear region factor is 
introduced. It describes the ratio of the linear pumping region to the full pumping region. In the theory of Wilson et al. 
[15] this factor is unity. This behaviour is very unlikely because it is believed that the circulatory velocity is zero at 
suction and discharge. Therefore an acceleration and a deceleration region must exist, otherwise the acceleration 
would be infinity at these two points. Badami [16] assumed a linear region factor between 0.8 and 0.95 for his 
calculations to give credit to the acceleration/deceleration areas. This lead to an analytical model, but the linear region 
factor was a priori unknown and a source of error. Song et. al. did not simplify the differential equations for the 
momentum exchange, but used a numerical technique to calculate the circulatory velocity at discrete points. This 
model did not use a linear region factor, however the calculating the geometry of the flow including inlet and outlet 
radius of the impeller was not physically valid. 
To correct the deficiency, Yoo et. al. [2] proposed equations to calculate the flow geometry namely, the centre of the 
circulation, and the inlet and outlet radius. Since Wilson et. al., a primary assumption of previous analysis has been 
that the flow exits the blade only at the impeller tip. Yoo et. al. applied the continuity equation and calculated the 
circulation and derived inlet and outlet points that are independent of the impeller analysis. The linear region factor 
presented in most published one-dimensional models does not represent the fluid behaviour satisfactory. Although the 
model by Yoo et al. has a superior way to calculate the geometry it still needs the use of a linear region factor. This 
linear region factor proved not to be applicable with the pump described in this paper and therefore states a serious 
deficiency. 
In the current study a numerical modelling approach is presented that demonstrates the ability to successfully capture 
the flow field in a manner that has not been achieved previously. The pump performance is assessed numerically 
without the need of a linear region factor or other data from experiments conducted on regenerative pumps by using a 
physically valid geometry model and by resolving the circulatory velocity in peripheral direction. 
1D Modelling 
Assumptions 
The following assumptions are made to develop the mathematical model. 
1. Steady flow  
2. Incompressible fluid  
3. All processes are adiabatic  
4. There are no effects due to suction and discharge, except for losses 
5. The pump flow is characterised by a tangential and a circulatory velocity  
6. Tangential pressure gradient is independent of radius  
 
Momentum exchange 
In order that a suitable geometric configuration was developed for the pump testing a 1D model was developed in the 
following manner. The pump head was calculated from the angular momentum exchange or circulatory head rise cgH  
and the losses occurring in the pump. These are suction port head loss spΔgH , discharge port head loss dpΔgH  and 
tangential head loss tΔgH . The head rise of the pump is expressed by 
tdpspc gHgHgHgHgH   Eq. (1) 
where 
 2i2e
s
cc
c αUσU
Q
VA
=gH               Eq. (2) 
 
The circulatory velocity depends on the friction of the circulatory flow and the sudden expansion and contraction losses 
when the fluid enters and exits the impeller, [16]. 
Losses 
 
The momentum exchange equation only regards the production of fluid energy from mechanical energy. It does not 
recognise any loss mechanism in the system. In [15] momentum exchange was considered with an additional term for 
the circulatory flow loss ( cΔgH ) to take account of losses. However in addition to the circulatory loss, there are also 
slip and incidence losses that have to be regarded in the momentum exchange. Regarding the whole pump, not only 
the circulatory flow generates losses but also the inflow into the pump, the outgoing flow and the tangential 
component of the flow. All these losses have to be modelled in order to be able to predict the momentum exchange 
correctly. This is one area where previous models have been deficient.  
 
The circulatory flow loss consists of two loss mechanisms. The loss due to turning of the fluid in the channel and 
impeller area and the loss due to sudden change in area when the fluid enters or respectively exits the impeller area. 
The tangential head loss occurs because the whole pump is like a bend pipe itself and therefore has a head loss 
evaluated like the loss in pipe bends. Similar to the circulatory flow loss, the loss in the suction and discharge ports are 
due primarily to sudden changes in the flow area where the ports are connected to the channel. In the new pump case 
the ports are also bent, Fig. 1, and consequently there is also a loss due to change in flow direction similar to the 
tangential head loss term. 
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Pump Flow Dimensions 
 
The flow circulates around a pivot point. Figure 2 is a cross-section through the channel. It shows where the pivot is 
located and all dimensions necessary for the calculation. The coordinates of the circulatory pivot ( cz , cr ) were 
expressed as a comparison between the wetted volumes. With this approach conservation of mass is maintained unlike 
previous one dimensional models. Hereby cz  is the distance from the edge of the impeller with the positive direction 
pointing towards the open channel and cr the distance from the pump axis.  
The coordinates are expressed by 
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Mean radii 
The mean radii of the flow, namely inlet radius ir  and outlet or exit radius er  are expressed 
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Figure 2:  The regenerative pump flowfield geometry 
Effective circulatory flow. 
Only the part of the fluid that enters and exits the impeller contributes to the momentum exchange. If the centre of 
the circulation is too far away from the edge of the blade not all of the circulation transports momentum into the 
channel. To take account of this a circulatory flow factor is introduced, Eq. 7. However the factor only depends on the 
geometry, it does not account for multiple circulations. The effectiveness of the circulatory flow proposed by Yoo et al. 
is expressed as 
 
2
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c
c
z+b
z
=  Eq. (7) 
Slip factor for regenerative pumps 
 
Slip factor is a measurement for the peripheral flow alignment. It is an indication of the difference of the 
circumferential velocity to the circumferential component of the absolute velocity exiting the impeller. This factor 
depends on the flow guidance by the impeller and would be unity for an infinite number of blades. Stodola [18], 
Wiesner [19] and Stanitz [20] proposed different equations to calculate the slip factor for radial centrifugal pumps 
*σ without knowing the absolute velocity at the vane exit.  
This value is not directly applicable for regenerative pumps because of the circumferential pressure difference. The 
pressure difference leads to further misalignment and decreases the slip factor.  
The slip factor σ  was calculated with the slip factor for radial centrifugal turbomachines *σ , Yoo et.al. [2] ,and a term 
for the decrease of the slip factor because of the circumferential pressure difference. The equation is a function of the 
flowrate leading to a linear increase of the slip factor with increasing flowrate.  
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In the current study slip is expressed by 
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Incidence factor 
 
The incidence factor α  can be expressed as the degree of alignment between the inlet flow angle to the impeller vane 
angle ,Yoo et.al. [2]. It is evaluated assuming linearly decreasing circulatory velocity in radial direction. The equation is 
given by 
 
σ
r
r
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e
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og,
02  Eq. (9) 
 
Circulatory flow area 
 
The circulatory flow area cA is evaluated as the wetted channel volume divided by the mean circulatory path length cL  
Yoo et.al. [2] . The latter, assuming a linear velocity distribution in radial direction, is two thirds of the perimeter of the 
circulatory flow. The circulatory flow area is expressed as 
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Circulatory velocity 
 
Previous analytical models gave an approximation of the performance of the pump. One of the main defects of these 
approaches was the use of a linear region factor. The linear region factor λ, in previous publications, does not follow 
any physical law, and is instead assessed experimentally. This deficiency limits previous analytical models as possible 
design tools. The derivative of the circulatory velocity Vc with respect to the peripheral angle is set to zero 0=Vc . 
With 0=Vc  only the circulatory velocity in the linear region is calculated. To take the acceleration region into account 
the linear region factor times the circulatory velocity in the linear region gives a value for the mean circulatory velocity.  
The approach presented in this paper does not need any linear region factor. The circulatory velocity is resolved in 
peripheral direction and therefore accounts for acceleration and deceleration of the calculation By resolving the 
circulatory velocity in peripheral direction the differential equation is not simplified, but solved numerically for several 
discrete points along the channel. For this approach the circulatory velocity [Appendix] can be expressed by  
 
 
     og,cog,cog,
og,
c XH+VXG+VXF=
X
V 2


 Eq. (11) 
 
where 
 
 
  
















2
00
tan
2 ic
c
c
og,P
c
og,
rrr
βA
+K
rθQ
A
=XF    Eq. (12) 
 
 
  i
ic
c
og,P
c
og, Uα
rrr
βA
rθQ
A
=XG 








1
tan
00
   Eq. (13) 
       2222
0
112
2
iie
og,P
og, UααUσUφ
rθQ
Ac
=XH     Eq. (14) 
 
Hence expressed as a non-linear first-order differential equation with PgorX  . 
In order to solve it numerically, the equation has to be linearised and discretised. The linearstation can be achieved in 
a similar approach common in Navier-Stokes- solvers. The squared variable, in this case 2cV , is divided into a constant 
convective velocity and a calculated convected velocity. The convective velocity is the circulatory velocity of the 
previous iteration loop, Fig. 3. The iteration process is continued until the difference between convective and convected 
velocity is negligible. With this approach there is only one variable, velocity, and the equation is linear.  
The equation is discretised and hence easily processed using a computer to evaluate the equation at many points. To 
discretise the equation a high order, total variation diminishing scheme was chosen. This provides excellent accuracy 
with minimal numerical errors like numerical diffusion or numeric dispersion. 
 
At both the suction and discharge ports the circulatory velocity is zero. Formally 
 
  0=θ=θV Pc and   00 ==θVc   Eq. (15) 
 
This serves as a Dirichlet boundary condition for the differential equation. 
The mean circulatory flowrate is evaluated by integrating the circulatory velocity and the circulatory area over the 
whole pumping region. This is done numerically by the composite Simpson‟s rule.  
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Loss flowrate 
 
The true flowrate 0Q  in the pump deviates from the overall or desired flowrate Q . A loss flowrate lQ has to be 
calculated and added to the desired flowrate. A certain amount of fluid does not exit the pump after going through the 
pumping region but leaks through the stripper region. The fluid is mixed with low pressure fluid from the suction and 
does not contribute to the fluid power. This is called loss flowrate lQ  and calculated by Wilson‟s [15] formula for the 
loss flow coefficient l . It contains the loss due to flow through a series of orifices and due to the drag of the impeller. 
The loss flowrate equals the internal flowrate 0Q   at shut-off condition. 
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Analytical Process Flowchart  
The flowchart for the numerical analysis is shown in Fig.3. Three iteration loops are needed to calculate the circulatory 
velocity, circulatory head loss and loss flowrate. A fourth loop processes several flowrates in one run. 
 
Figure 3:  Numerical Analysis Solution Flowchart 
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Experimental procedure 
The experimental rig arrangement, Fig 4, incorporated a reservoir tank which stored and ultimately received the 
working fluid, in this case water. The fluid was drawn to the pump from the tank and the fluid flow was adjusted via a 
flow control valve in the return line to the tank. 
The fluid flowrate was measured using a Hall Effect turbine flowmeter, situated upstream of the flow control valve and 
upstream of the pump. The pump itself was driven by an induction motor operating at a constant speed of 3000rpm. 
The motor housing was coupled to a dynamometer containing a load cell to measure strain and hence indicate input 
torque to be used in the pump efficiency calculations. The measurements were collected via a data acquisition unit. 
 
 
 
 
Figure 4: Schematic of the test arrangement  
Results 
 
The results of the one-dimensional numerical analysis of two different pumps are compared to experimental data, Fig 
4. Pump 1 is the pump developed by Quail et. al. [7, 21] incorporating a radial suction and discharge port 
arrangement. Here the flow enters the pump radially and joins with the flow in the pump with a 90° angle to the 
peripheral velocity. Pump 2 is the pump designed by the authors (fig 1). The suction and discharge ports are axially 
aligned to support a multistage arrangement. In addition the flow enters aligned to the peripheral velocity in the 
channel. 
Pump characteristic head and flow coefficients can be calculated as expressed in conventional dimensionless terms Eq. 
(17 & 18). 
 
og,rω
gH
=ψ
2
 Eq. (17) 
 
 
og,orωA
Q
=         Eq. (18) 
 
 
The dimensionless plots are used to compare pumps of different sizes and shapes. 
The numerical modelling approach demonstrates the ability to successfully capture the flow field in a manner that has 
not been achieved previously. Two pumps one axial port configuration and the other radial port configuration with 
different shapes and channel size are well matched using the one-dimensional model, Fig 5. 
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Figure 5:  Performance Characteristic Comparison 
 
Both regenerative pumps‟ experimental results compare favourably with the 1D model developed in this current study, 
Fig 5.  
Figure 6 shows the circulatory velocity cV versus the pump angle P (eq 11). In the region of a low pump angle the 
acceleration region can be seen. The circulatory velocity is zero at the suction port ( 0P ) and rises to a saturation 
value. This region is the linear region. From shut-off condition to higher flowrates the acceleration region is expanding 
and the achievable circulatory velocity is decreasing. This effect can only be modelled properly by evaluating the 
differential equation. The linear region factor as expressed in previous published one-dimensional models cannot 
represent this behaviour satisfactorily. A true linear region factor expressed from the velocity data indicates that the 
resolved circulatory velocity leads to a unique accuracy, Fig 6.  
                
Figure 6:  Circulatory velocity (Eq.11) / pump angle characteristic 
 
The new axial configuration, fig. 1, regenerative pump can be much more compact than the radial flow version and 
could permit a multistage arrangement. The head rise follows the established characteristic of a regenerative pump. In 
the current study the experimental results and the numerical predictions indicate that the 1D modelling were 
reasonable. Indeed the flow visualisation results augment the knowledge obtained in previous studies [12-14]  
Conclusions 
The current study has been successful in comparison to previous one-dimensional models with regard to effectively 
matching the regenerative pump numerical models to experimental data. Not only has the model been proven robust 
for varying geometry‟s without the need for experimental correction, it has also related well to the best flow 
visulisation studies. The 1D geometry selection presented in this paper is being developed to investigate further 
geometric configurations of the pump in the future. The ability of the models to establish a reasonable representation 
of the pump under steady state incompressible conditions is the starting point to investigate the design modifications 
necessary to operate the pump in more challenging configurations. In conjunction with the modelling developments 
there is a need for significant developments in instrumentation technology and experimental techniques for higher 
accuracy at reasonable cost.  
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Future Work 
The current one-dimensional model will be assessed incorporating an optimisation algorithm (simplex algorithm) to 
assess if the numerical calculation procedure can be developed into a powerful pre-design tool.  Additionally the pump 
geometry is currently being adapted to consider a multistage version of this pump and the results of this study will be 
published in the coming months. For the multistage version carry-over and interaction effects between the stages have 
to be analysed to get a true picture of the capabilities of a multistage regenerative pump. 
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Appendix 
 
The development of the momentum exchange equation. 
 
Applying angular momentum equation to an infinitesimal impeller control volume yields 
 
 
      dprA+rαUrσUdQ=dAprrdAdp+p+rαUrσUdQ=dT vg,viieecv
v
A
v
v
A
iieec     Eq. (19) 
 
The power input to the control volume becomes  
 
 
  ωdprA+rαUrσUdQ=ωdT=dP vg,viieec    Eq. (20) 
 
Applying the steady flow energy equation in integral form to the control volume yields 
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From equation 20 and 21 follows 
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+αUσU=
pp
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
22
2
2
2
222   Eq. (22) 
 
where vΔgH  is the head loss due to circulatory flow through the impeller. 
 
 
 
Likewise applying the angular momentum equation to the infinitesimal open channel control volume leads to 
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With the steady flow energy equation we obtain 
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Equations 23 and 24 yield 
 
 
 
cc
c
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iei dVV
dQ
Q
+
ΔgH
+
VV
+
rA
αrσrQω
=
pp
 22
2
2
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
  Eq. (25) 
 
 
where oΔgH  is a measure of the head loss due to the flow through the open channel.  
 
Equating equations 22 and 25 and summing up the losses according to voc ΔH+ΔH=ΔH   leads to equation 11. 
